Sections 8.1, 10.1 and 10.2:

Inner Product Spaces
&

The Gram-Schmidt
Orthonormalization Process



Ideas in this section...

1) The Dot Product and Norm in R™ and it’s properties

2) The Gram-Schmidt Orthonormalization Process in R"

3) Inner-Product Spaces and Norms

4) The Gram-Schmidt Orthonormalization Process in Inner-Product
Spaces



The Dot Product and Norm in R"™ and it’s Properties

Def. If v = (aq,ay,...,a,) and w = (by, b,, ..., b,) are 2 vectorsin R",
then their dot product is the real number defined by...

V-w=a;b; +a,b, + -+ a,b,

“Defining” Properties of the Dot Product: V u,v,w € R™ and Kk € R ,...

Pl: v-wEe



The Dot Product and Norm in R"™ and it’s Properties

Prove property P1 for vectorsin R :
Pl: v-weR




The Dot Product and Norm in R"™ and it’s Properties

Prove property P2 for vectorsin R :

— —

P2: v-w=w-p



The Dot Product and Norm in R"™ and it’s Properties

Prove property P3 for vectorsin R :

—>

P: u-wW+w)=u-v+u-w



The Dot Product and Norm in R"™ and it’s Properties

Prove property P4 for vectorsin R :
P4: (kv) -w =k -w)




The Dot Product and Norm in R"™ and it’s Properties

Prove property P5 for vectorsin R :

P5: -=>0and ¥-v=0 iff 5=0




The Dot Product and Norm in R"™ and it’s Properties

Other things to know about the dot product:

1) If ¥ isavectorin R? or R3, it can be shown that its length is Vv - ¥ .

So, for any vector v € R", we define its norm (or length or magnitude or
absolute value or modulus) to be

andso v - v = ||9]|?.

Note: We say that a vector v € R™ is a unit vector if its length is 1. In this
case...

I|=1 or v-v =1



The Dot Product and Norm in R"™ and it’s Properties

Other things to know about the dot product:

2) If ¥ and w are nonzero vectors in R? or R3 and 60 is the angle between
the vectors, it can be shown that

v-w = ||V|||lw]lcos® or 6= COS_l( 7 )
lv|[lw]]

So, for any nonzero pair of vectors v,w € R", we define the angle between the

vectors 6 as
_1< vew )
6 = cos —
lv]l[lw]]

Note: We say nonzero vectors v,w € R™ are orthogonal (or perpendicular) if
the angle between them is 90°. In this case...

- —

vew=19_0




The Dot Product and Norm in R"™ and it’s Properties

Other things to know about the dot product:

3) If v is anonzero vector but isn’t a unit vector, by normalizing a vector, we
mean to find a vector in the same direction as v but with length 1.

- - - = 1 -
The normalized version of v IS ﬁv



The Dot Product and Norm in R"™ and it’s Properties
Ex1: Let = (3,1,-27) , = (-42,03) , and W = (2,1,9,2)

a) Find u-v
b) Find ||V

c) Find the angle between u and v



The Dot Product and Norm in R"™ and it’s Properties
Ex1: Let = (3,1,-27) , = (-42,03) , and W = (2,1,9,2)

d) Arevectors v and w orthogonal?

e) Normalize vector v



The Gram-Schmidt Orthonormalization Process in R"

Def: Let U be asubspace of R™ and let { w;, W,,..., Wy} be a basis for U.
Then {wy, W,,..., Wi} is an orthonormal basis for U if...

1) w; isorthogonal to w; forall i # j
(that IS, Wi . WJZ 0 forall i 7’-’])

2) Each w; hasnorm 1
(that is, w; - w;= 1 forall i)

Let { Uy, U,,..., U} be linearly independent vectors in R™ and let
U = span{ Uy, Up,..., Ux}. (SO {Uq, Us,,..., Uy} isabasis for U)

The goal is to construct an orthonormal basis { w;, w,,..., w, } for U using
vectors { Uy, Us,,..., Uy}



The Gram-Schmidt Orthonormalization Process In

Given linearly independent vectors { 1y, Us,..., U}

Step 1: Come up with a set of orthogonal vectors { v;, U,,..., Ui} by
calculating...

- —

v1= ul
- - . > - ﬁz ) 1_}1 -
vZ_ uZ _ projl_}luz - uZ _ ”7})1”2 vl
Ba= Uy — Projs s — projs i = 1y — 30 p _ Havz g
3 3 p ]Ul 3 p ]Uz 3 3 “1—51”2 1 ”1—}2“2 2
- - . - . - . -
Uk= U,3 — pr0]§1U3 - pT‘O]gzug e pTO]§R_1U3
BaBy o aBy o T

ﬁ
= Uy ——= —_ Vo ... — — Vi _
3 B2 Y |IB,l12 2 1Br_qll2 k-1



The Gram-Schmidt Orthonormalization Process in R"

Given linearly independent vectors { 1y, Us,..., U}

9

Step 2: Divide each v; by its length to normalize it. That is, w;= ”1”

Then {wy, w,,..., wi} will be the desired orthonormal basis for
U = span{ Uy, Us,..., Uy}

Talk about why this step doesn’t change the orthogonality created 1n step 1



The Gram-Schmidt Orthonormalization Process in R"

Ex 2: Use the Gram-Schmidt Orthonormalization procedure to find an
orthonormal basis for R? starting with the independent set of vectors

{ (2) _1) ) (7)4) }



The Gram-Schmidt Orthonormalization Process in R"

Ex 3: Use the Gram-Schmidt Orthonormalization procedure to find an
orthonormal basis for U = span{ i, U,, us } where u; = (1,1,—1,-1),
u, = (3,2,0,1), and u; = (1,0,1,0).



Inner-Product Spaces and Norms

Def: Let V be a vector space. An inner-product is a function that takes any
pair of vectors in V and returns a scalar (real number) that satisfies the
properties below. If ¥ and w are vectors in V, their inner-product is denoted
by < v,w >.

Defining Properties of an Inner-Product: V #,7,w €V and ke R ,...

Pl: <v,w>€eR

P2: < w>=<wv>

P <uv+w>=<uv>+<uw>

P4: <vkw>=k <D,wW >

P5: <B,¥>>0and <B,3>=0 iff 5=0

A vector space V with an inner-product defined on it is called an inner-product
space.




Inner-Product Spaces and Norms

Def: Let V be an inner-product space with inner-product <-,->.

1) The norm of a vector v € V is defined as
19l = V< 5,7 >

2) If v and w are nonzero vectors in V, the angle between the vectors is

defined as
» << U, W >>
6 = cos —
lvll[lw]]

3) Nonzero vectors v and w are orthogonal if
<v,w>=0

4) Vector v is a unit vector if
I7lII=1  or <vv>=1



Inner-Product Spaces and Norms

Exda: Verifythat <f,g>= rf(x)g(x)dx IS an inner-product on C[0,1].

O '

Pl: <v,w>€R



Inner-Product Spaces and Norms

Exda: Verifythat <f,g>= Jrf(x)g(x)dx IS an inner-product on C[0,1].
0

P2: <v,w>=<w7v>



Inner-Product Spaces and Norms

Exda: Verifythat <f,g>= Jrf(x)g(x)dx IS an inner-product on C[0,1].
0

P3: <uv+w>=<uv>+<uw>



Inner-Product Spaces and Norms

Exda: Verifythat <f,g>= Jrf(x)g(x)dx IS an inner-product on C[0,1].
0

P4: <vkw>=k <D,w >



Inner-Product Spaces and Norms

Exda: Verifythat <f,g>= rf(x)g(x)dx IS an inner-product on C[0,1].

J
0
P5: <B.9>>0and <B.9>=0iff 5=0



Inner-Product Spaces and Norms

Ex4b: Using <f,g>= jf(x)g(x)dx as the inner-product on C[0,1],
0

find 2 nonzero vectors that are orthogonal.



Inner-Product Spaces and Norms

Ex4c: Using <f,g>= jf(x)g(x)dx as the inner-product on C[0,1],
0

find a unit vector.



Inner-Product Spaces and Norms

Ex4d: Using <f,g>= jf(x)g(x)dx as the inner-product on C[0,1],
0

find the angle between f(x) = x and g(x) = e”.



Inner-Product Spaces and Norms

1/2

Ex5: Showthat <f,g>= j f(x)g(x)dx 1S NOT an inner-product on C[0,1].
0

Pl: <v,w>€eR

P2: < w>=<w7v>

P <uv+w>=<uv>+<uw>

P4: <vkw>=k <D,wW >

P5: <B,¥>>0and <B,3>=0iff y=0



The Gram-Schmidt Orthonormalization Process in
Inner-Product Space V

Def: Let U be asubspace of V and let { wy, w,,..., w; } be a basis for U.
Then {wy, W,,..., Wi} is an orthonormal basis for U if...

1) w; isorthogonal to w; forall i # j
(thatis, < w; ,w; >=0 forall i # j)

2) Each w; hasnorm 1
(that is, < w; ,w;> =1 forall i)

Let {1y, u,,..., Uy} be linearly independent vectorsin V' and let
U = span{ Uy, Uy,..., Ux}. (SO {Uq, Us,,..., Uy} isabasis for U)

The goal is to construct an orthonormal basis { wy, w,,..., Wi} for U using
vectors { Uy, Us,,..., Uy}



The Gram-Schmidt Orthonormalization Process In

Inner-Product Space V
Given linearly independent vectors { 1y, Us,..., U}

Step 1: Come up with a set of orthogonal vectors { V4, U,,..., Uy} by
calculating...

- —

< Uy, Vg >

-

> = . -
U= Uy — projl_}luz = Uy — ” - ”2 (%1
U1

> o .- . oo o <u3, V1> - <uUs3,Vp>
V3= U3z — pr0],71u3 _ p?"O]TjZUB = Uz — EATE 1 EAE U2
> = . —_ . —_ . -
V= Uz — projy, Uz — projy,uz ... — projy, . Us

<uU3, V1> - <U3,Vp> <U3,Vp_1> -

N

= = V- ... — _
1,012 L 5,12 2 1Br_qll2 k-1



The Gram-Schmidt Orthonormalization Process in
Inner-Product Space V

Given linearly independent vectors { 1y, Us,..., U}

-

Step 2: Divide each v; by its length to normalize it. That is, w;= ”171_” ;.

Then {wy, w,,..., w,} will be the desired orthonormal basis for
U = span{ uq, Uy,..., Uy}



The Gram-Schmidt Orthonormalization Process In

Inner-Product Space V

Ex 6: Use the Gram-Schmidt Orthonormalization procedure to find an
orthonormal basis for U = span{x,e*} as a subspace of C[0,1] with

1
inner-product < f,g>= f FO0)g(x)dx
0



What you need to know from the book

Book reading

Section 8.1: pages 407 — top half of 410
Section 10.1: pages 527 — 534
Section 10.2: pages 536-539

Problems you need to know how to do from the book

Section 8.1: page414#s 1,4
Section 10.1: page 534 #’s 1-3, 5-9, 15-16, 22-23, 26-28, 31
Section 10.2: page 543 #’s 1-5, 10-11, 15-18
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